Transverse NMR relaxation from spins diffusing through a random magnetic medium is sensitive to its structure on a mesoscopic scale. In particular, this results in the time-dependent relaxation rate. We show analytically and numerically that this rate approaches the long-time limit in a power-law fashion, with the exponent reflecting the disorder class of mesoscopic magnetic structure. The spectral line shape acquires a corresponding non-analytic power law singularity at zero frequency. We experimentally detect a change in the dynamical exponent as a result of the transition into a maximally random jammed state characterized by hyperuniform correlations.
Transverse NMR relaxation from spins diffusing through a random magnetic medium is sensitive to its structure on a mesoscopic scale. In particular, this results in the time-dependent relaxation rate. We show analytically and numerically that this rate approaches the long-time limit in a power-law fashion, with the exponent reflecting the disorder class of mesoscopic magnetic structure. The spectral line shape acquires a corresponding non-analytic power law singularity at zero frequency. We experimentally detect a change in the dynamical exponent as a result of the transition into a maximally random jammed state characterized by hyperuniform correlations.
Transverse NMR or EPR relaxation is sensitive to the spectral density of the fluctuating environment.
1-4 Such environment can emerge when the spins travel across magnetically disordered media, such as semiconductors, 5, 6 porous rocks, 7, 8 and biological tissues. [9] [10] [11] [12] [13] [14] While the magnetic structure remains static, the stochastic motion of spins enables sampling its spatial fluctuations, resulting in a non-Lorentzian spectral lineshape and a time-dependent relaxation rate. [15] [16] [17] [18] [19] [20] [21] Here we show that this rate approaches the long-time limit in a power-law fashion, and relate its dynamical exponent to the structural exponent 22 characterizing long-range spatial correlations of magnetic structure. In particular, we experimentally observe a change in the dynamical exponent as a result of the transition into a maximally random jammed state 23 characterized by hyperuniform correlations. 24, 25 Our results reflect the hierarchical nature of structural complexity contributing to a macroscopic NMR signal: its functional form is defined by the structural universality class, whereas microscopic parameters affect the nonuniversal coefficients. The relation between relaxational dynamics and magnetic structure opens the way for noninvasive characterization of porous media, complex materials and biological tissues.
The transverse NMR relaxation signal is given by the average of the precession phase factor
where Ω(τ ) is the fluctuating Larmor frequency offset experienced by nuclear spins. This averaging for times t t c exceeding the correlation time t c of Ω(t) falls into the realm of the central limit theorem: 2,5 the signal is asymptotically determined by its second-order cumulant ln s(t) ≈ − ϕ 2 /2 ∼ − ϕ 2 1 · (t/t c ), where ϕ 2 1 is the phase variance on a single correlated "step", and these variances add up on the path split into a large number ∼ t/t c of uncorrelated steps. For a weak dephasing, the resulting relaxation rate R 2 ∼ ϕ 2 1 /t c ∼ Ω 2 t c is the essence of the motionalnarrowing picture of Anderson and Weiss, 2 which applies to the dipole-dipole interaction between the excited spins on a molecular scale. Such monoexponential molecular relaxation emerges from the enormous separation of scales between the correlation time t c ∼ 1 − 10 ps of molecular motion and the typical NMR measurement time scale t ∼ 1 − 100 ms.
In this work, we consider the loss of Larmor precession coherence in media with a static magnetic structure on a much larger, mesoscopic scale 9-11 relevant for NMR experiments in porous rocks 7, 8 and in biological tissues. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] Here, the individual precession phases ϕ(t) = t 0 Ω(r τ ) dτ decohere due to the path-dependent Larmor frequency offset Ω(r τ ) on their Brownian trajectories r τ induced by heterogeneous medium's magnetic susceptibility. The macroscopic t → ∞ rate R ∞ 2 ∼ Ω 2 (r) t c decreases for a faster diffusion constant D, as the time t c ∼ l 2 c /D to travel across the disorder correlation length l c shortens, exemplifying the diffusion narrowing. 14, 16, 17, 26 Importantly, the typical mesoscopic correlation times t c can be of the order of the NMR measurement time scale, which makes it possible to explore the transient signal evolution s(t) before the long-time monoexponential limit is reached, via studying the corresponding timedependent relaxation rate R 2 (t) = −d ln s(t)/dt.
The mesoscopic contribution to the transverse relaxation, in principle, depends on myriads of parameters characterizing the spatial organization of susceptibility-induced Ω(r). It is generally non-universal, and sensitive to the shape of magnetic inclusions (e.g. cells). 18, 27 Our main result is the universal feature of the mesoscopic relaxation which manifests itself in the power-law tail in the approach of
for ν > 1, and R 2 (t) ∼ ln t for ν = 1; an upper temporal limit on this behavior is discussed below. We relate the dynamical relaxation exponent
to the large-scale statistics of the structural organization: The relevant signature of the d-dimensional medium, represented by magnetic susceptibility χ(r) varying on the mesoscopic scale, is embodied by the (magnetic) structural exponent p, which we define via the k → 0 scaling of the power spectrum . First row shows a quarter of the Monte Carlo simulation box in each dimension; second row shows the angular-averaged power spectra Γ2(k), Eq. (4); third and fourth rows show the self-energy part Σ(ω) (see text) and dR2(t)/dt, numerically obtained from the simulations. The packing of long ellipsoids has large fluctuations at small k. This is a finite-size effect that is alleviated by the ensemble averaging (thicker yellow line) over 10 disorder realizations (thin gray lines). Σ(ω) and dR2(t)/dt obtained from MC simulations (colors) are compared with the leading-order calculation (black lines) by integrating the numerically found power spectra according to Eqs. (9) and (10), respectively, while neglecting R ∞ 2 on the right-hand side. For dR2(t)/dt (fourth row) this agrees well with the asymptotic limit (1) with the exponent (2) (dashed lines). Parameters ρ, δΩ, α, and tc are defined in Methods.
The exponent p takes a few discrete values, 22 characterizing distinct universality classes of structural disorder.
The key relation (2) is illustrated in Fig. 1 for five statistically isotropic disorder classes in d = 3 dimensions using Monte Carlo (MC) simulations, where we identify the exponent p in the angular-averaged power spectra
of the susceptibility-induced Larmor frequency offset 18, 28 Ω k = 4πγB 0 χ k Yk (Fig. 2 ), where Yk = 1/3 − k 2 z /k 2 is the elementary dipole field, γB 0 is the average Larmor frequency, and V is the sample volume. The scaling of the power spectra of the structure and of the induced frequency with k = |k| is similar 21 due to the Y (r) ∼ 1/r d dependence of the dipole field, with c 3 = |Yk| 2 k = 4/45, meaning that the transverse relaxation effectively samples the structure of the medium (i.e. χ(r)) directly, even though it senses the induced Ω(r).
The universality (2) in the diffusion-narrowing regime can be used as a probe of the global structural organization of magnetically heterogeneous media, and for the mesoscopic model selection. In Fig. 1 , four kinds of identical sphere arrangements, and one with randomly placed long (prolate) ellipsoids, represent five distinct universality classes. In particular: Order, represented by a cubic lattice of spheres, shows no long-range fluctuations and Γ 2 (k) ≡ 0 for small k, which can be associated with an exponent p = ∞, yielding an exponentially fast decay of dR 2 /dt (faster than any inverse power law). For hyperuniform disorder, 24 p > 0, these fluctuations are not completely absent but are suppressed. Examples are a shuffled lattice, 29 where the lattice objects are randomly displaced from their original positions, showing a quadratic behavior Γ 2 | k→0 ∼ k 2 , with p = 2 yielding ν = 5/2; and a maximally random jammed (MRJ) packing, 23 where Γ 2 | k→0 ∼ k, with a nontrivial exponent 25 p = 1, which manifests itself in dR 2 /dt ∼ 1/t 2 . Short-range disorder (the most widespread disorder class, characterized by a finite correlation length, e.g. as in the Poissonian objects' placement) is represented here by the random packing of nonoverlapping spheres. Its power spectrum is characterized by a finite plateau at small k, Γ 2 (k)| k→0 = const, such that p = 0 and ν = d/2. Finally, strong disorder is characterized by the diverging structural fluctuations resulting in the exponent p < 0. An example are randomly placed "rods", such as vessels or capillaries in the brain (here represented by highly prolate ellipsoids whose long axis exceeds the range of diffusion lengths), yielding
In what follows, we will provide a qualitative coarsegraining argument for the universal relation (2), Fig. 2 , followed by the self-consistent approximation (10) for the signal, Fig. 3 , and then demonstrate experimentally how the change of the disorder universality class due to the jamming transition, p = 0 → p = 1, can be detected via the dynamics (1) of the measured bulk transverse relaxation, Fig. 4 .
An intuition behind the relation of dR 2 /dt to the spatial fluctuations stems from realizing that the time t defines the diffusion length scale L(t) = √ 2dDt, which acts as a coarsegraining window for the Larmor frequency, Ω(r) → Ω t (r), effectively "seen" by the spins, Fig. 2 . If we were to begin the evolution of magnetization at such t foregoing shorter times, then the coarse-grained Ω t (r) would have the effective correlation length L(t) > l c , and the variance
for the short-range disorder due to Poissonian statistics. We now apply the conventional diffusion-narrowing argument dR 2 /dt c ∼ Ω 2 to our effective Ω t (r), by identifying t c → t and
FIG. 2. Larmor frequency offset and its coarse-graining by diffusion. A section through the 3d random sphere packing from the fourth column in Fig. 1 : The Larmor frequency Ω(r) ≡ Ωt=0(r) induced by the distinct magnetic susceptibility assigned to the spheres, and the coarse-grained Ωt(r) for t = tc and 10 tc. The coarsegraining occurs via the local averaging of the frequency over the length L(t) ∼ √ Dt.
with
One can view Eq. (5) as a real-space renormalization group equation on the effective macroscopic parameter R 2 over the increasing diffusion length scale L(t). We immediately see that the rate R 2 (t) always increases with t, as each length scale contributes a strictly positive frequency variance to the relaxation; however, its growth slows down due to the selfaveraging, as the instantaneous distribution Ω t (r) becomes narrower with t, Fig. 2 . Moreover, the self-averaging will be faster when the fluctuations Ω 2 t (r) decrease faster than the inverse "diffusion volume" L −d (t) (which happens for hyperuniform media, 24 p > 0), and slower for strong disorder with diverging fluctuations, p < 0, in agreement with Fig. 1 .
This "RG flow" must eventually stop for t > t * such that t * R 2 (t * ) ∼ 1, when R 2 (t) becomes so large that the mesoscopic signal is suppressed exponentially before spins can sample fluctuations of Ω(r) at the scales exceeding L(t * ). After t > t * , the power law (1) gets cut-off, Fig. 3 , and by then the mesoscopic signal s(t)
1. Hence, the scaling (1) is detectable for t c t t * , provided that the relaxation is sufficiently weak, i.e. R 2 (t c )t c 1, which is equivalent to a small "single-step" phase variance ϕ
1. The above intuition is supported by finding the disorderaveraged Green's function G t,r−r0 = G t;r,r0 of the mesoscopic Bloch-Torrey equation for the transverse nuclear magnetization 14, 21, 30 
where D(r) is the local diffusion coefficient. The mesoscopic contribution s(t) to the NMR signal is helpful to think of in terms of "spin packets", the groups of spins emanating from the same point r 0 . The magnetization of a spin packet is dr G t;r,r0 ; the r 0 -and t-dependence of this quantity embodies the coarse-graining discussed above. Acquisition from a macroscopic sample entails ensemble-averaging of the spin packet magnetization, s(t) = 1 V drdr 0 G t;r,r0 ≡ dr G t,r . In other words, the signal s(t) ≡ G t,q | q=0 is the Fourier transform of G t,q for the wavenumber q = 0. Here and in what follows, we factor out the molecular relaxation; the experimentally observable signal S(t) = e −R mol 2 t s(t). We represent the disorder-averaged propagator of Eq. (6)
in terms of the self-energy part 21,31 Σ ω,q that collects all oneparticle irreducible Feynman diagrams accounting for Ω(r) and the deviation D(r) − D ∞ from the macroscopic diffusion constant D ∞ . The expansion of Σ ω,q in the powers of q reflects the measurable mesoscopic effects in the bulk relaxation 21 (due to even-order correlators Ω(r 1 )Ω(r 2 ) . . . ), frequency shift (similar correlators of odd orders), diffusion 31 (due to D(r 1 )D(r 2 ) . . . ), and apparent diffusion 32 (due to the cross-terms Ω(r 1 )D(r 2 ) . . . ). In particular, the mesoscopic spectral lineshape s(ω) = [−iω − Σ(ω)] −1 , where
We consider the self-energy part in the self-consistent Born approximation, 21 equivalent to summing up the "rainbow" di- agrams for Σ ω,q :
where the frequency power spectrum, Eq. (4), is taken before the angular averaging. The lowest-order approximation to Eq. (8) corresponds to neglecting Σ ω,q+k on the right-hand side, thereby giving the conventional second-order perturbation theory in Ω(r), [16] [17] [18] [19] [20] [21] which is asymptotically exact in the diffusion narrowing limit. In this limit, the time domain quantity Σ(t) = −dR 2 (t)/dt.
The next iteration, in the ω → 0 limit, is to set Σ ω,q+k → Σ(0) ≈ −R ∞ 2 , the terminal relaxation rate, such that
equivalent to the temporal scaling
where the coarse-grained variance Ω 2 t (r) is just the Larmor frequency correlation function "filtered" by the diffusion propagator e −D∞k 2 t , cf. Eq. (5). Hence, Fig. 2 has been obtained using the identification Ω t (k) = Ω(k) e −D∞k 2 t/2 , which represents Gaussian smoothing over the diffusion length L(t). Using the low-k scaling (4), we obtain Eqs. (1) and (2) for t c t t * . The result of leading-order numerical integration (according to Eq. (10) with R ∞ 2 neglected) agrees well with MC simulations in Fig. 1 and with asymptotic scaling (1) for all considered disorder classes. The exponent ν = 1 for long ellipsoids is equivalent to ln s(t) ∼ −t ln t for blood vessels. 16 For p = 0, the scaling dR 2 /dt ∼ t −3/2 agrees with the asymptotic behavior for the model medium of Jensen and Chandra 17 and for diluted impermeable spheres analyzed by Sukstanskii and Yablonskiy. 20 Equivalently, for the leading-order self-energy part, cf. Eq. (9), we obtain for positive non-integer ν
where
ν−1 ln(−iω) with account for the regularizing contribution of the region k k c . This gives the specific pattern for ω → 0 shown in the third row in Fig. 1 . These singularities compete with the regular contribution of the domain with finite k in the integral of Eq. (9) that gives Re Σ(ω) ∼ ω 2 and Im Σ(ω) ∼ ω. These terms define the form of Σ(ω) near ω = 0 for the regular lattice and dominate Im Σ(ω) for the shuffled lattice (ν = 5/2), Fig. 1 . Figure 1 demonstrates a good agreement between the numerically obtained leading-order singularities and MC simulations. A close look at very small frequencies, ωt * 1 (Fig. 3) , reveals a lack of accuracy, which is completely cured by the self-consistent Born approximation, Eq. (9). According to this equation, the regularization can be viewed as sampling of the leading-oder Σ(ω) along the line Im ω = R 
The present discussion shows that the universality, our main result expressed by Eqs. (1) and (2), is mapped onto the behavior of the structural power spectrum for small k, which is independent of individual properties of the magnetized objects. This is illustrated in supplementary Fig. S1 that shows results of MC simulations for the same media as in Fig. 1 , but with the magnetized objects made impermeable for diffusing spins.
As an application of the developed formalism, in Fig. 4 we experimentally demonstrate the change of the disorder universality class p = 0 → 1 after reaching the maximally random jammed state for mono-dispersed spheres, where the nontrivial exponent p = 1 was predicted numerically. 25 NMR relaxation in two microbead packings (suspension and densely-packed sediment) exhibit distinct exponents for the time derivative of the relaxation rate, which makes it possible to distinguish the two packings using a macroscopic NMR measurement in contrast to the microsopic character of upto-date observations. [33] [34] [35] This remarkable sensitivity of the macroscopic measurement to the nontrivial mesoscopic structure is enabled by the time-dependent coarse-graining window, Fig. 2 , that effectively samples the mesoscopic medium's power spectrum (3) .
To conclude, we have shown analytically and numerically, that the mesoscopic component of the transverse relaxation rate displays a universal scaling behavior that is sensitive to the statistics of large-scale organization of tissue magnetic susceptibility. This allowed us to provide the first macroscopic experimental observation of the MRJ transition in spherical microbead packings using NMR relaxation. Our results provide a framework for noninvasive investigation of the structure of complex materials and in biomedical magnetic resonance imaging, where both native and added susceptibility contrast is ubiquitous.
SUPPLEMENTAL INFORMATION
Monte Carlo simulations for hindered diffusion were performed within the same media and with the same parameters as in Fig. 1 . Impermeable spheres and ellipsoids were simulated by discarding Monte Carlo steps that lead inside the objects in which case the random walkers did not move during the given time step. The results shown in Fig. S1 support the universality of the dynamical exponent, while the coefficients in front of t −ν and |ω| ν−1 are non-universal. Note that the renormalization of the diffusion constant with its longtime asymptote (Fig. S2) is not sufficient to reproduce the nonuniversal coefficients (data not shown), which are strongly modified for the media with higher volume fraction ζ. The second row shows the derivative of the time-dependent relaxation rate, dR2/dt. MC results for hindered diffusion (colored curves) in general differ from the leading-order calculation (black curves, the same as in Fig. 1 ), which assumes permeable objects, but follow the same characteristic exponents (dashed lines). The same observation holds for the equivalent depiction in frequency domain (first row). While the self-energy curves also differ quantitatively from the leading-order calculation, the qualitative behavior embodied by the power-law exponent at ω = 0 is similar. For strong disorder the difference between hindered and free diffusion is actually negligible, which follows from the low volume fraction of ζ = 14% for the long ellipsoids. ∂t x 2 (t) for the hindered diffusion within the investigated media, normalized to the free diffusion coefficient D0. The temporal derivative of the mean square displacement x 2 (t) of the MC random walkers was computed using the Savitzky-Golay filter 37 based on the second-order polynomial, with a width of about tc.
